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Abstract 

In this paper, we describe the relationship between the quasi-component q(G) of a (per- 
fectly) minimal pseudocompact abelian group G and the quasi-component q{G) of its com- 
pletion. Specifically, we characterize the pairs (C, A) of compact connected abelian groups 
C and subgroups A such that A = q(G) and C = q(G). As a consequence,we show that for 
every positive integer n or n = co, there exist plenty of abelian pseudocompact perfectly min- 
imal n-dimensional groups G such that the quasi-component of G is not dense in the quasi- 
component of the completion of G. 
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^ ! 1. Introduction 

>: 

A Tychonoff space X is pseudocompact if every continuous real-valued map on X is bounded. If 
a topological group G is pseudocompact, then its completion G is compact, that is, G is precompact 
(cf. [4, 1.1]), which allows for the following characterization of pseudocompact groups. 

Theorem 1.1. ([31) A topological group G is pseudocompact if and only if G is precompact and 
Gs-dense in G, in which case G—/3G. 



% 



A Tychonoff space is zero-dimensional if it has a base consisting of clopen (open-and-closed) 
sets. For a topological group G, let G and q(G) denote the connected component and the quasi- 
component of the identity, respectively. For every group G, the quotient G/G is hereditarily dis- 
connected (i.e., (G/G )q is trivial), and G/q(G) is totally disconnected (i.e., q(G/q(G)) is trivial). 
While in the class of locally compact groups (or spaces) these notions of disconnectedness co- 
incide with zero-dimensionality, this is not the case in general. Indeed, both G/Gq and G/q{G) 
may fail to be zero-dimensional, or to admit a coarser zero-dimensional group topology, even in 
the presence of additional compactness-like properties (cf. (31 7.7], [fTTl , (8] Theorem D]). There 
is a close relationship between connectedness and disconnectedness properties of pseudocompact 
groups and those of their completions, which is summarized in the next theorem. 
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Theorem 1.2. Let G be a pseudocompact group. Then: 

(a) ([5, lA])q(G) = q{Gf)nG=(G) nG; 

(b) ([26]) G is zero-dimensional if and only ifG is zero-dimensional; 

(c) (|[7l 1.7]) G/q(G) is zero-dimensional if and only if q(G) is dense in (G) = q(G); 

(d) ((21 4.11(b)]) G/G is zero-dimensional if and only if G is dense in (G) = q(G), in which 
caseG = q(G). 

We say that a pair (C, A) of a group C and its subgroup A is realized by a group G if A = q(G) 
and C = q(G) . In a previous paper, the authors obtained sufficient conditions for a pair to be realiz- 
able by pseudocompact abelian groups that satisfy various degrees of so-called minimality proper- 
ties (cf. [|8l Theorem D']). In this paper, we obtain a complete characterization (i.e., necessary and 
sufficient conditions) for the same. 

Recall that a (Hausdorff) topological group G is minimal if there is no coarser (Hausdorff) 
group topology on G (cf. [23] and ifTTTl ). For a pseudocompact group G, the quotient G/q(G) is 
totally disconnected and pseudocompact, and thus, by an unpublished result of Shakhmatov, admits 
a coarser zero-dimensional group topology (cf. |[8l Theorem B]). Therefore, Shakhmatov's result 
implies that for a pseudocompact group G, if G/q(G) is minimal, then it is zero-dimensional. If in 
addition G is minimal and abelian, then the converse is also true. 

Theorem 1.3. ([6, Theorem 3], QV], 1.7]) Let G be a minimal pseudocompact abelian group. Then 
the following statements are equivalent: 
(i) G/q(G) is zero-dimensional; 
(ii) q(G) is dense in (G) = q(G); 
(iii) G/q(G) is minimal. 

A group G is totally minimal if every (Hausdorff) quotient of G is totally minimal (cf. |f9l); 
G is perfectly {totally) minimal if the product G x H is {totally) minimal for every {totally) minimal 
group H (cf. [25]). In an earlier paper, the authors proved the following: 



Theorem 1.4. ([8, Theorem D']) Let C be a connected compact abelian group, and A a subgroup 
ofC. Then there exists a pseudocompact abelian group G such that A = q(G) and C — (G% = q{G) , 
and in particular, dimG = dimC. Furthermore, if A is dense in C and 

(a) A is minimal, then G may be chosen to be minimal; 

(b) A is totally minimal, then G may be chosen to be totally minimal; 

(c) A is perfectly minimal, then G may be chosen to be perfectly minimal; 

(d) A is perfectly totally minimal, then G may be chosen to be perfectly totally minimal. 

By Theorem 1 1.3[ if G is a totally minimal pseudocompact abelian group, then q(G) is dense in 
(G)o = q(G). Thus, the condition that A is dense in C is not only sufficient, but also necessary in 
parts (b) and (d) of Theorem 1 1.41 

In this paper, we show that in order to realize (C, A) by a (perfectly) minimal pseudocompact 
abelian group, A need not be dense in C, but a milder condition is both sufficient and necessary. 
A subgroup E of a topological group G is essential, and we put E< e G, if for every non-trivial 
closed normal subgroup N of G, the intersection EDN is non-trivial. 
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Theorem A. Let C be a compact connected abelian group, and A a subgroup. Then: 

(a) (C, A) can be realized by a minimal pseudocompact abelian group if and only if A < e C; 

(b) (C, A) can be realized by a perfectly minimal pseudocompact abelian group if and only if A 
is perfectly minimal and A< e C; 

(c) (C,A) can be realized by a (perfectly) totally minimal pseudocompact abelian group if and 
only if A is (perfectly) totally minimal and dense in C. 

Remark 1.5. If A is an essential subgroup of a compact group C, then in particular, it is essential 
in its completion ACC, and thus A is minimal (see Lemma l2T4T a) and Theorem 12 .11) . Therefore, 
the condition A < e C in Theorem [Af a) implies that A is minimal. 

By applying Theorem lAl to the character group hom(Q,IR/Z) equipped with the topology of 
pointwise convergence and the annihilator of Z in it, we also obtain a family of "pathological" 
examples. 

Theorem B. For every positive integer norn = u, there exists an abelian pseudocompact perfectly 
minimal group G n with dim G n = n such that q{G n ) is not dense in q(G n ) = (G„)o, or equivalently, 
G n /q(G n ) is not minimal. 

The proofs of Theorems lAl and IB1 are presented in §|3] they are based on preservation properties 
of essential subgroups established in $2] 

2. Preliminaries: Essential and minimal subgroups 

While preservation of minimality under formation of closed subgroups and products has been 
thoroughly studied (cf. [20, Proposition 2.3, Lemma 3.1], 0U Theoreme 1-2], [24, 9], and O 
(6), (3)]), it appears that preservation of essentiality has not been well investigated in the context 
of topological groups. Our aim in this section is to remedy this state of affairs in the realm of 
abelian groups. 

The relationship between minimality and essential subgroups was discovered independently 
by Stephenson and Prodanov, and generalized by Banaschewski (cf. 11231 Theorem 2], [[T9l , and [HI 
Propositions 1 and 2]). 

Theorem 2.1. (ifTOl 2.5.11. (TT6l 3.21]) LetG be a topological group, andD a dense subgroup. Then 
D is minimal if and only ifG is minimal and D< e G. 

The celebrated Prodanov-Stoyanov Theorem states that every minimal abelian group is pre- 
compact (cf. [21] and [22]), and allows for a complete characterization of minimality of abelian 
groups using the notion of an essential subgroup. 

Theorem 2.2. ([10, 2.5.2], lfT6l 3.31]) An abelian topological group G is minimal if and only if its 
completion G is compact and G < e G. 

The next two easy lemmas, whose proofs have been omitted, describe elementary properties of 
the essentiality relation. 
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Lemma 2.3. Let G be a topological group, and E and H subgroups of G such that ECH. 

(a) IfE< e HandH< e G, then E< e G. 

(b) If H is dense in G, then E< e G if and only if E< e H and H < e G. □ 

Lemma 2.4. Let G be an abelian topological group, and E and H subgroups. 

(a) If E C H, then E< e G if and only if E < e H and H < e G. 

(b) IfH is closed in G and E < e G, then EDH < e H. □ 

Remark 2.5. Every closed subgroup of a minimal abelian group is minimal (cf. f20. Proposi- 
tion 2.3]). Indeed, let G be a minimal abelian group, and M a closed subgroup. Then, by Theo- 
remO G is compact and G< e G. So, by LemmaHb), M = Gn(clgM) < e clgM = M. Thus, 
by Theorem 12 .21 M is minimal. (In fact, every closed central subgroup of a minimal group is min- 
imal; cf. IfTOl 7.2.5] and [fT6l 3.26].) It follows that every closed subgroup of a totally minimal 
abelian group is totally minimal, and in fact, every closed central subgroup of a totally minimal 
group is totally minimal (cf. $M Lemma 3.1], Mi 7.2.5], and 0E 3.27]). 

We turn now to preservation of essentiality under formation of products. A topological group 
G is elementwise compact if every g e G is contained in a compact subgroup of G, or equivalently, 
clcig) is compact for every g E G (cf. [fT5l 5.4]). Stephenson showed that every elementwise com- 
pact minimal group is perfectly minimal (cf. [|24l 9]). The next lemma is a natural extension of 
Stephenson's result. 

Lemma 2.6. Let G be a topological group, and E< e G. If L is an elementwise compact group, 
then LxE< e LxG 

PROOF. Let 7r 2 : LxG^-G denote the canonical projection, and let N be a non-trivial closed 
normal subgroup of LxG. If ir 2 (N) is trivial, then JVCLx{e}, and consequently Nn(LxE) is 
non-trivial. Thus, we may assume that 7r 2 (iV) is non-trivial. We prove the statement in two steps. 

Step 1. Suppose that L is compact. Then n 2 is a closed map (cf. lfT3l 3.1.16]), and so 7r 2 (./V) 
is a closed normal subgroup of G. Thus, 7r 2 (iV)n£' is non-trivial, because E < e G. Therefore, the 
intersection ND(LxE) is non-trivial, as required. 

Step 2. In the general case, let x=(l,g)eN be such that g^e. Since L is elementwise compact, 
there is a compact subgroup S of L such that IeS. Put iV': = iVn(S'xG'). Then N' is a closed 
normal subgroup of SxG, and it is non-trivial, because x<EN'. By what we have shown so far, 
N'n(Sx E) is non-trivial, and in particular, iVfl (L x E) is non-trivial, as desired. □ 

The next example shows that elementwise compactness cannot be replaced with precompact- 
ness, minimality, or completeness in Lemma [231 

Example 2.7. Let p be a prime, Z p the group of p-adic integers, and (Z,r p ) the integers equipped 
with the p-adic topology. Since (Z, r p ) is a minimal group whose completion is Z p (cf. IfTOl 2.5.6]), 
by Theorem l2.2[ Z < e Z p . However, Z x Z is not essential in (Z, r p ) x Z p or Z x Z p (in the latter, the 
first component is equipped with the discrete topology). Indeed, if £ 6 Z p \Z, then F :— ((1, £)) is a 
non-trivial closed subgroup of (Z, r p ) x Z p (and thus of Z x Z p ) such that Fn (Z x Z) is trivial. 
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It is also worth noting that preservation of essentiality does not imply precompactness, mini- 
mality, nor completeness, as the next example demonstrates. 

Example 2.8. Let p be a prime. Let L\ denote the direct sum Zp equipped with the subgroup 
topology induced by the direct product Z", let L 2 denote the direct sum (R/Z)^ equipped with 
the box topology, and put L:=LixL 2 . Then L is elementwise compact, because elementwise 
compactness is preserved under formation of products, coproducts, sums, and S-products. Thus, 
by Lemma [2761 L preserves essentiality, that is, E< e G implies LxE< e LxG. Nevertheless, L is 
neither complete nor precompact, and in particular, by Theorem l2.2[ L is not minimal. 

These examples provide a natural motivation for the following problem. 

Problem 2.9. Characterize the topological groups L with the property that 

(a) for every topological group G, if E < e G, then LxE< e LxG; 

(b) for every abelian topological group G, ifE < e G, then LxE< e LxG; 

(c) for every topological group G, ifE < e G and E is minimal, then LxE< e LxG. 

We provide an answer to Problem |2~97 c) in the special case where L is minimal and abelian. 

Lemma 2.10. Let M be a minimal abelian group, G a topological group, and E < e G. IfM x E is 
minimal, then: 

(a) MxE< e MxE; 

(b) MxE< e MxG; 

(c) MxE< e MxG. 

PROOF, (a) By Theorem l2~fl MxE< e MxE, because MxE is minimal. Consequently, by 
Lemma Qb), MxE <JMx E, since Mx E is dense in MxE. _ 

(b) By Theorem[22l M is compact, and so, by LemmaHjH MxE <Js/f x G. By LemmaQa), 
combining this with what has been shown in part (a) yields MxE< e MxG. 

(c) As M x G is dense in Mx G, by LemmaQb), part (b) implies that M x E < e M x G. U 

Theorem 2.11. Let M be a minimal abelian group. The following statements are equivalent: 
(i) M is perfectly minimal; 

(ii) for every topological group G, ifE< e G and E is minimal, then MxE< e MxG; 
(iii) for every abelian topological group G, ifE< e G and E is minimal, then M x E < e M x G; 

(iv) for every minimal abelian group M', the product M x M' is minimal. 

PROOF. The implication (i) =>■ (ii) follows by Lemma I2.10r c). and the implication (ii) =^ (iii) 
is trivial. The equivalence (i) <^> (iv) is an immediate consequence of the following theorem of 
Stoyanov: A topological group G is perfectly minimal if and only if G x (Z, r p ) is minimal for 
every prime p (cf. I12510 . We turn now to the remaining implication. 

(iii) =^> (iv): Let M' be a minimal abelian group. By Theorem l2.2[ M and M' are compact, and 
M< e M and W < e M'. So, by (iii), M xM'<^Mx M', and by Lemma [231 MxM'< e Mx M'. 
Therefore, by LemmaQa), MxM'< e MxM'. Hence, by Theoreml272l MxM'h minimal. □ 

Remark 2.12. It follows from Remark [231 and Theorem [2JJ] that every closed subgroup of a per- 
fectly minimal abelian group is perfectly minimal. 
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3. Proof of Theorems \A\ and E 

We prove Theorem |A]by establishing the following more elaborate statement. 

Theorem lAl. Let A be an essential subgroup of a connected compact abelian group C. Then there 
exists an abelian group G such that 

(a) G is pseudocompact; 

(b) A = q(G); 

(c) C = q{G) = (G) , and in particular, dimG = dimC; 

(d) G is minimal. 

Furthermore, if A is perfectly minimal, then G may be chosen to be perfectly minimal. 

We first show how Theorem IA1 follow s from Theorem |A"I. 

Proof of Theorem |Aj Sufficiency of the conditions in (a) and (b) follows from Theorem|Al, 
while sufficiency of (c) was already shown in [8, Theorem D']. Thus, we may turn to the necessity 
of the conditions. 

(a) Let G be a minimal pseudocompact abelian group. Then, by Theorem l2.2[ G < e G, and thus, 
by LemmalU Gf]q(G) < e q(G). By TheoremO q(G) =q(G)C)G, and therefore q(G) < e q(G). 

(b) If G is a perfectly minimal pseudocompact abelian group, then by Remark [2. 121 q(G) is 
also perfectly minimal, and by part (a), q(G) < e q(G). 

(c) Let G be a (perfectly) totally minimal pseudocompact abelian group. Then G/q(G) is min- 
imal, and by Theorem 1 1.31 q(G) is dense in q(G). It follows from Remarks 12.51 and [2. 121 that q(G) 
is (perfectly) totally minimal, being a closed subgroup of a (perfectly) totally minimal abelian 
group. □ 

We turn now to the proof of Theorem |Aj, and to that end, we recall two technical lemmas. 

Lemma 3.1. ([8, 5.2]) For every infinite cardinal A, there exists a pseudocompact zero-dimensional 
group H such that: 

(i) H is perfectly totally minimal; 
(ii) r (H/H)>2\ 

Lemma 3.2. ([8, 5.3]) Let K\ and K 2 be compact topological groups, and let h: Ki—^K 2 be 
a surjective homomorphism such that ker h is Gs-dense in K\ . Then the graph T h ofh is a Gs-dense 
subgroup of the product Ki^K 2 , and in particular, T h is pseudocompact. 

PROOF of Theorem EJ. Put A = w(C), and let H be the group provided by LemmaEQ Since 
r (H/H) >2 A , the quotient H/H contains a free abelian group F of rank 2 A . As \C\< 2 A , one 
may pick a surjective homomorphism hi' F—t-C. The group C is divisible, because it is com- 
pact and connected (cf. Q3] 24.25]). Thus, hi can be extended to a surjective homomorphism 
h 2 :H/H^C. 

Let h: H^-C denote the composition of h 2 with the canonical projection H—t-H/H. By 
Theorem 11.11 H is G^-dense in H, because H is pseudocompact. Thus, ker h is G^-dense in H, 
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because H C ker h. Clearly, h is surjective. Therefore, by Lemma l372l the graph I\ of h is G^-dense 
in the product HxC. 

Put G:=T h + ({0}xA). Since T h is G^-dense in HxC and contained in G, the group G 
is G^-dense too. Thus, G = HxC, and by Theorem 11.11 G is pseudocompact. As H is zero- 
dimensional, q(G) = (G) = {0} x C, and by Theorem EL2ta), q(G) =q(G)C)G = {0} x A 

We check now that dimG = dimG. Since G is pseudocompact, by Theorem ll.il G — /3G, and 
so dimG = dim/3G = dimG (cf. [fT3l 7.1.17]). As H is zero-dimensional and pseudocompact, by 
Theorem 1 1.2f b). dimH = 0. Thus, by Yamanoshita's Theorem, dimG = dimif +dimG = dimG 
(cf. (22, (HI Corollary 2], and Ml 3.3.12]). Therefore, dimG = dimG. 

We turn now to minimality properties of G. The group G always contains the product HxA. 
Since C is compact, so is A = clc A, and by Lemma l2~4T a). A < e A, because A < e C . Thus, by The- 
orem |2.2l A is minimal, and consequently, H x A is minimal, as H is perfectly minimal. Therefore, 
by Lemma HlOl b). HxA< e HxC = G. Hence, by Lemma [24Ta). G < e G, and by Theorem [2T2l 
G is minimal. 

Suppose now that A is perfectly minimal, and let M' be a minimal abelian group. Then H x A is 
perfectly minimal, and so H x A x M' is minimal. Thus, by Lemma [2T0t b), HxAxM 1 < e Gx M'. 
Therefore, by Lemma Elta), G x M' < e G x M', because GxM' contains HxAxM'. Hence, by 
Theorem 12.21 G x M' is minimal. Consequently, by Theorem 12.111 G is perfectly minimal, as 
desired. □ 

In preparation for the proof of Theorem [Bj we recall some remarkable properties of the Pon- 
tryagin dual of the discrete group of the rationals . Let T := R/Z, and put Q : = hom(Q, T) , equipped 
with the topology of pointwise convergence. The group Q is compact, and it is connected, because 
Q is torsion-free (cf. [10, 3.3.8]). 



Lemma 3.3. (OH 3.6.2, 3.6.5]) Let Z ± := {x e Q \ x(Z) =0} denote the annihilator ofZ in < 

(a) Z 1 - is a compact essential subgroup of Q; 

(b) Z 1 - = Y[ Z p , and in particular, dimZ- 1 = 0; 

(c) Q/Z x ^ T, and in particular, dim Q = 1 . 



PROOF of Theorem E Suppose that n <u. Put C n := (Q) n and A n := (Z x ) n . By Lemma [33l 
Z" 1 is a compact essential subgroup of Q. Thus, by applying Lemmas 12.61 and I2.3f a) repeat- 
edly, one obtains that A n is a compact essential subgroup of C n . It follows from Lemma [3731 
and Yamanoshita's Theorem that dim C n = n (cf. ||22, (El Corollary 2], and OH 3.3.12]). By 
Theorem EI, there exists a perfectly minimal pseudocompact group G n such that y4 n = g(G n ), 
C n = q(G n ), and dimG n = dimG n = n. Clearly, q(G n ) is not only not dense, but in fact it is closed 
ing(G n ). 

For n = u, put G ul = G 1 x T u . Then dimG w > w, and q(G u ) = g(G x ) xF = Z x x T w , while 

g(GJ = (GJo = (G 1 xT w ) = (G 1 ) xT w = QxT w . 
Thus, q(G u ) is not dense in q(G u ), as required. The last statement follows from Theorem 1 1.31 □ 
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